We discuss the angular momentum blockade in small d-wave superconducting grains in an external field. We find that abrupt changes in angular momentum state of the condensate, angular momentum blockade, occur as a result of changes in the angular momentum of the condensate in an external magnetic field. The effect represents a direct analogy with the Coulomb blockade. We use the Ginzburg-Landau formalism to illustrate how a magnetic field induces a deviation from the d-wave symmetry which is described by a (d x 2 −y 2 + id xy )-order parameter. We derive the behavior of the volume magnetic susceptibility as a function of the magnetic field, and corresponding magnetization jumps at critical values of the field that should be experimentally observable in superconducting grains.
I. INTRODUCTION
The precise nature of the superconducting state in cuprate superconductors has been discussed extensively since the discovery of high-T c superconductivity [1] . While most of the data can be well covered assuming a pure d-wave symmetry of the order parameter [2] [3] [4] [5] , the identification of the precise symmetry of the order parameter remains one of the active areas of research. One can imagine that the pairing state symmetry is affected by the crystal field and, as is the case of YBCO, by the presence of oxygen chains [6, 7] . Moreover, even if the pairing state symmetry is a simple d-wave, it can be modified and distorted by application of an external field [8] and by scattering off defects [9] [10] [11] . These distortions can also depend on the doping and the nature of correlation effects in these materials [12] .
One might for example expect that the symmetry of the superconducting order changes as a function of doping and therefore this pairing symmetry contains useful information about the microscopic interactions responsible for pairing. Indeed recent results suggest that nanoscale d-wave superconductors can be fully gapped and this minimal gap (on the scale of 10 mK) can be modified by an external magnetic field [13] . We thus feel that the whole subject warrants a fresh look in the light of recent findings.
We would like to revisit the question of the gap induction by a magnetic field in a nanoscale d-wave superconductor. While the general expectation that a magnetic field will induce additional components of the order parameter remains, the specific case of a small superconducting grain allows for sharp transitions between states with different orbital magnetic moment carried by pairs. These changes in magnetization can be observable in the case of small d-wave grains, as we will point out. Therefore qualitatively new effects can be expected in investigating small grains of d-wave superconductors. Earlier it was pointed out by Laughlin that the presence of nodes makes the d-wave superconducting states inherently unstable to the induction of novel components of the gap [8] . Similar effects of induction of additional components are expected in the presence of a steady supercurrent [14, 15] . The general source of instability of the pure d-wave gap is the presence of the nodes. A secondary component allows these nodes to be completely lifted. The most probable secondary components proposed in this context are d + is [14] and d + id ′ [8] states. Both of these states will "seal the node of the gap". Both of the states break time reversal symmetry and thus will induce edge currents. The key difference between these two proposed states is that a d + id ′ state is chiral and hence will have an orbital moment carried by Cooper pairs.
The appearance of an id ′ -wave competing order component is expected in the presence of an external magnetic field [8, 16] , and has been used to explain some experiments [17] [18] [19] . In the present paper we will consider values H ∼ H c2 for the external magnetic field, such that the high density of produced vortices almost destroys the superconducting state.
In this region of the parameter space, the action of the external field is able to induce a [20] . The changes from the zero angular momentum state to a state with finite angular momentum will occur via a set of steps corresponding to
... These steps are small and are not observable in a bulk system since the number of Cooper pairs is large and the effect is therefore ∝ 1/N pairs . Only in a sufficiently small grain, this staircase of angular momentum jumps becomes evident. In this paper we will analyze the angular momentum jumps in a d-wave grain as one sweeps the applied magnetic field. These jumps are similar to the Coulomb blockade charge jumps seen in quantum dots [21] , see Table I . The underlying energy that controls these jumps is the energy of orbital moments in magnetic fields and thus is much smaller than the Coulomb energy controlling charge blockade phenomena. So in analogy with the Coulomb blockade we propose that the field-induced angular momentum changes in the Cooper pair states represent an angular momentum blockade that can still be seen in the susceptibility for a small superconducting grain. This is the main finding of this paper.
Existing results [22] allow us to exclude a similar blockade effect in ordinary s-wave superconductors, in agreement with a vanishing contribution of the angular momentum term to their free energy. Indeed, the magnetic susceptibility is therein proven to show a maximum for a well-defined value of the magnetic field as soon as ultra small SC grains are considered.
We also point out that the effects discussed in this paper will equally be present in the pwave superconductors. The obvious analogy will be the induction of p+ip ′ superconductivity in the presence of a magnetic field due to the magnetic moment coupling to an external field.
We will not specifically elaborate on that case but wish to point this obvious extension of the calculations presented.
The plan of this paper is as follows. First we will connect the field-induced component of the order parameter to the angular momentum. This will allow us to express the magnetic observables in terms of the angular momentum itself, by adopting the Ginzburg-Landau description for the superconductor. We will conclude by analyzing the dependence of these observables on the external magnetic field, and by estimating the orders of magnitude involved in the effect. All the relevant numerical values and some technical details can be found in the Appendices.
II. ANGULAR MOMENTUM BLOCKADE
First we elaborate on the notion of angular momentum blockade. The low energy gaps induced by the magnetic field translate into very long length scales relevant for the formation of the new component of condensate. Therefore the formation of the induced gaps can be described by a continuum theory. In that limit the total angular momentum L z of the condensate is a good quantum number. Simple inspection shows (see below) that the pure d-wave state has zero angular momentum. The d + id ′ state is a chiral state and has a finite angular momentum = 0. Therefore any changes from the ground state with zero quantum number to a ground state with nonzero quantum number would proceed as a set of steps in L z . The smallest steps of total angular momentum one can get in the SC grain will be in units of 2 . Indeed we envision the set of incremental steps by which Cooper pairs convert
These jumps result in jumps of magnetization that can be seen only if the relative change is large. Hence it is expected that these changes will be seen only in small samples. This discussion is analogous to the Coulomb blockade that describes single electron charge jumps, Table I .
To illustrate the mechanism we will use the Ginzburg-Landau theory for an high-T c SC in an external magnetic field, which is written in terms of the complex order parameter
where Φ( r) is the phase of the order parameter, and θ refers to the dependence of the 
where ∆ 0 is the gap magnitude of the d component, and a 2D geometry of the Fermi surface is considered in the model, because of the layered structure of the cuprates. The external field H has the effect of shifting these two L z = ±2 components, linearly and with opposite signs as:
where |∆ 1 (θ)| ∝ η sin 2θ is the modulus of the d ′ component and η is the coupling constant.
Unlike each of its two components taken alone (having nodes of the gap), the full d + id To a good approximation, the angular momentum L z of the whole sample about z is related to ∆ 0 , ∆ 1 (see Appendix A for derivation) by:
Here the components of the order parameter have been assumed to be spatially uniform within the sample, which is justified to a good approximation for sample sizes much smaller than the characteristic length of variation of the SC wave function; (a 2 c) denotes the unit cell volume of the SC's crystal structure (being c the edge ẑ B field, a ≈ 4Å, c ≈ 10Å),
V the volume of the SC sample, and g ∼ 0.1 the superconducting fraction of the material.
Let us define the non-negative integer variable l ≡ | L z |/(2 ) and the characteristic area
where d is the sample thickness and V = Ad is the volume. This gives In the case of an isotropic gradient tensor K ij , and if the grain is small enough to allow us neglect the spatial dependence of ∆ 0 ( r), ∆ 1 ( r), the GL functional takes the form
provided that we omit the magnetic field self-energy term, which does not affect the behavior of the magnetization or the susceptibility that we are going to describe. In the Coulomb
(−y, x), Eq. (5) gives
The coupling constant η is derived and discussed in the Appendix of Ref. [16] .
In the same way as the Coulomb blockade leads to jumps in charges and in charging energy, the analogous phenomena for the angular momentum blockade involve changes in angular momentum and magnetization. There will be jumps and spikes in magnetization 
Current i Torque τ and susceptibility, respectively, which we will now consider. The free energy F is minimized by an optimal integer value of l for each value of the applied field B. Hence l forms a stepwise function of B with steps at the switching fields B = B l . The derivative ∂l/∂B is a sequence of delta function spikes at the switching fields that should be experimentally measurable. We will now consider these phenomena in detail.
The free energy density can be rewritten as
forming a piecewise parabolic function, where the following constants were introduced for
The critical values B n where the optimal l switches from l = n to l = n + 1 are obtained from the level crossings of the functions F (l = n, B) and F (l = n + 1, B), which gives
Hence the angular momentum value L z = n (2 ) is attained for B n−1 < B < B n . The integer n will henceforth denote the integer that minimizes F v , which is given by the integer part of (1 + (b/c)B)/2. The magnetization and the susceptibility then become
and
Except for the non-regular behavior at critical values (9) 
. Then the free energy density, magnetization, and susceptibility are given by
The magnetization (13) in terms of the original dimensionful parameters takes the form
The second term is responsible for jumps of M v at each critical value of the magnetic field.
All these jumps have the same amplitude and mutual spacing. The first term is due to the minimal coupling between the magnetic gauge potential and the order parameter. This contains the gradient tensor, and leads to a smooth monotonic variation of the magnetization between consecutive jumps.
The magnitude of the magnetization jumps ∆M blockade associated to the blockade mechanism increases if the sample area A decreases. In fact, the jump size grows as A −1 although remaining subleading with respect to the continuous variation ∆M cont between jumps, even for tiny areas A. The first term in Eq. (15) is unaffected by A. The ratio between the two contributions to M v (B) is
where
2 is a critical area independent of any macroscopic feature of the SC sample. The magnetization and susceptibility given by Eqs. (13)- (14) are plotted in Figs. 2-4 . In the plots a cylindrical sample is assumed with dimensions
The blockade contribution alone to the magnetization is depicted in Fig. 3 . The dimensionless term K The system displays a staircase of magnetization jumps of the order of ∼ 1µ G, which are mutually spaced by regular intervals ∆B ∼ 1.4 T. 
In terms of respective moduli and phases ψ 0 = |ψ 0 | exp(iν 0 ), ψ 1 = |ψ 1 | exp(iν 1 ), the above equation becomes
Because of the global U(1) symmetry we can arbitrarily choose ν 0 = 0 for this discussion, and the free energy is minimized when the relative phase (ν 0 − ν 1 ) = ±π/2. For a spatially uniform wave function, i.e., a spatially uniform order parameter, it is
For the minimizing relative phase ±π/2 this gives 
where g ∼ 0.1 is the high-T c superconducting fraction. This gives the estimate 
